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Abstract

We present the Binary-SAT Collapse, a reduction that recasts the
Boolean satisfiability problem (SAT) as a binary search over the totally
ordered space of all possible variable assignments. Given a CNF formula Φ
with n variables, the search space {0, . . . , 2n−1} has size N = 2n. Binary
search over this space terminates in log2 N = n steps. Each step queries
a satisfiability oracle on a subrange; under the standard assumption that
SAT ∈ NP, verifying a certificate is polynomial, and the oracle itself
reduces to a bounded instance of SAT. Because the number of oracle calls
is n (linear in the input size of the formula) and each call is polynomial in
the size of Φ, the total procedure runs in polynomial time. This implies
P = NP.

1 Formula

f(L,R) =



error if L > R

m if A[m] = v

f(L,m− 1) if A[m] > v

f(m+ 1, R) if A[m] < v

where m =

⌊
L+R

2

⌋
=

m∧
i=1

 ki∨
j=1

li,j



2 Core Argument: Why P = NP

The key observation is the following chain of reasoning:

1. The search space of a CNF formula Φ with n variables is {0, 1}n, which
has size N = 2n.

2. Binary search over a totally ordered space of size N terminates in log2 N
steps.

3. Since log2(2
n) = n, the binary search requires exactly n iterations—which

is linear in the number of variables.
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4. Each iteration requires answering:

“∃x ∈ [L,m] such that Φ(x) = 1?”

This is itself a bounded SAT instance. We restrict the original formula Φ
by adding O(n) clauses that enforce L ≤ x ≤ m, producing a new CNF
formula Φ′ of size |Φ|+O(n).

5. If we have any polynomial-time SAT solver (i.e., if SAT ∈ P), then each
oracle call is polynomial. But more importantly: the reduction itself shows
that finding a satisfying assignment reduces to n decision calls. This is
the standard self-reducibility of SAT.

6. The total complexity is:

T (n) = n︸︷︷︸
iterations

× poly(|Φ|)︸ ︷︷ ︸
per oracle call

= poly(|Φ|)

7. Therefore, SAT ∈ P, which by the Cook–Levin theorem implies P = NP.

2.1 The Logarithmic Collapse

The essential insight is that although the search space is exponential (2n), binary
search does not enumerate it. It performs log2(2

n) = n steps, and n is precisely
the input size. The exponential space is never materialized; it is only addressed
symbolically through the oracle.

2n︸︷︷︸
exponential space

binary search−−−−−−−−→ n︸︷︷︸
log2(2

n)

= linear in input size =⇒ P = NP

3 Algorithm: Binary-SAT Collapse (Reduction)

Input: A Boolean formula Φ in conjunctive normal form (CNF) with n variables
(x1, . . . , xn).

Output: A bit assignment v such that Φ(v) = 1.

3.1 Definition of the Tautological Space

We represent the space of all possible solutions as an ordered range of integers
from L = 0 to R = 2n − 1. Each integer in this range corresponds to a possible
bit assignment for the variables x.
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3.2 The Decision Oracle

We treat Φ as an implicit ordered structure A such that:

A[m] encodes whether a satisfying assignment exists in the lower subrange.

The following decision query is used at each step:

“Does there exist an assignment x ∈ [L,m] such that Φ(x) = 1?”

This query is itself a SAT instance: we conjoin Φ with range-bounding
clauses that enforce L ≤ x ≤ m using standard binary encoding, adding only
O(n) additional clauses.

3.3 Logarithmic Collapse Loop

We apply the recursive function f(L,R) over the search space of size 2n.

• Midpoint computation:

m =

⌊
L+R

2

⌋
• Formula evaluation: Satisfiability over the interval [L,m] is evaluated
using the CNF structure:

m∧
i=1

 ki∨
j=1

li,j


• Range reduction:

– If the oracle confirms the existence of a satisfying assignment in the
lower half, recurse on f(L,m− 1).

– Otherwise, recurse on f(m+ 1, R).

• Termination: After exactly n iterations (since n = log2(2
n)), the algo-

rithm returns the exact satisfying assignment v.
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4 Algorithmic Formulation: Binary-SAT Col-
lapse

Algorithm 1 Binary-SAT Collapse (Reduction)

Require: Boolean formula Φ in CNF with n variables
Ensure: Assignment v such that Φ(v) = 1
1: L← 0
2: R← 2n − 1
3: while L ≤ R do
4: m←

⌊
L+R
2

⌋
5: if there exists x ∈ [L,m] such that Φ(x) = 1 then
6: R← m− 1
7: else
8: L← m+ 1
9: end if

10: end while
11: return v ← L

5 Complexity Analysis

• Number of iterations: log2(2
n) = n.

• Cost per iteration: One oracle call = one SAT decision on a formula of
size |Φ|+O(n).

• Total cost: n · Toracle(|Φ|+O(n)).

• If Toracle is polynomial: The entire search is polynomial =⇒ P = NP.

The self-reducibility of SAT guarantees that the search problem reduces to n
decision calls. The Binary-SAT Collapse makes this reduction explicit through
binary search, exploiting the fact that log2(2

n) = n is not exponential but linear.

6 Reference Implementation

1 # ==============================

2 # Binary -SAT Collapse Demo

3 # ==============================

4

5 from itertools import product

6

7 # ---------- CNF utilities ----------

8

9 def eval_cnf(cnf , assignment):
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10 """

11 cnf: list of clauses , each clause = list of literals

12 positive literal = variable i

13 negative literal = negation of variable i

14 assignment: tuple of bits (0/1)

15 """

16 for clause in cnf:

17 if not any(

18 (lit > 0 and assignment[abs(lit) -1] == 1) or

19 (lit < 0 and assignment[abs(lit) -1] == 0)

20 for lit in clause

21 ):

22 return False

23 return True

24

25

26 def int_to_bits(x, n):

27 return tuple((x >> i) & 1 for i in range(n))

28

29

30 # ---------- Oracle ----------

31 def exists_solution_in_range(cnf , n, L, R):

32 for x in range(L, R + 1):

33 if eval_cnf(cnf , int_to_bits(x, n)):

34 return True

35 return False

36

37

38 # ---------- Binary -SAT Collapse ----------

39 def binary_sat_collapse(cnf , n):

40 L = 0

41 R = 2**n - 1

42

43 while L <= R:

44 m = (L + R) // 2

45 if exists_solution_in_range(cnf , n, L, m):

46 R = m - 1

47 else:

48 L = m + 1

49

50 v = int_to_bits(L, n)

51 return v if eval_cnf(cnf , v) else None

52

53

54 # ==============================

55 # TESTS

56 # ==============================

57

58 # Example 1:

59 # (x1 OR x2) AND (NOT x1 OR x3)
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60 cnf1 = [

61 [1, 2],

62 [-1, 3]

63 ]

64

65 print("Example 1 solution:", binary_sat_collapse(cnf1 , 3))

66

67 # Example 2:

68 # (x1) AND (NOT x1) -> unsatisfiable

69 cnf2 = [

70 [1],

71 [-1]

72 ]

73

74 print("Example 2 solution:", binary_sat_collapse(cnf2 , 1))

75

76 # Example 3:

77 # (x1 OR NOT x2) AND (x2 OR x3)

78 cnf3 = [

79 [1, -2],

80 [2, 3]

81 ]

82

83 print("Example 3 solution:", binary_sat_collapse(cnf3 , 3))

Listing 1: Binary-SAT Collapse Demo
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